
R E F L E C T I O N  OF M A G N E T O A C O U S T I C  W A V E S  

L.  Y a .  K o s a c h e v s k i i  

The ;problem of the reflection of magnetoacoust ic  waves at the boundary dividing an elast ic  
medium f rom a fluid medium with infinite conductivity in the presence  of an a rb i t r a ry  con- 
stant magnetic field was t reated in [1]. In writ ing down the boundary conditions the con- 
tinuity of the tangential component of the magnetic field was used. This condition is valid 
when the conductivity of the medium is finite but not when the conductivity is infinite. In 
this connection a problem s imi la r  to that in [1] is solved, without employing this par t icu-  
l a r  boundary condition. The amplitude conversion coefficients found for the limiting cases 
of weak and s t rong magnetic fields coincide with the respect ive coefficients given in [2,3] 
for  media with a finite conductivity, if we allow the conductivity in the lat ter  expressions 
to become infinite. 

1, The l inear ized equations describing the propagation of perturbations in a continuous medium with 
finite conductivity have the fo rm [4] 

av~, a 

rot E -- c-10h ]Ot, div h : 0, E : - -  c- lv 'xH,  

(1.1) 

Here  H is the external magnetic field, a s sumed  to be constant; h is a small  change in the magnetic 
field of the wave; E is the induced e lec t r ic  field; p and v are  the density and velocity of the medium; c is 
the veloci ty of light; •ik is the s t r e ss  tensor :  Tik is the Maxwell s t r e s s  tensor  which assumes  the follow- 
ing fo rm af ter  l inearizat ion:  

At the boundary dividing the two media the f i rs t  four equations of (1.1) correspond to the boundary 
conditions [5 ] 

[P~n k ~ T~nk] = O, [v~nt] = 0, [E~i] = 0, [h~n~]= 0.  (1.2) 

Here n and ~" a re  unit vectors  normal  and tangential to the boundary, while the brackets  denote the d iscon-  
tinuity of the value at the boundary. It follows f rom the fifth equation of (1.1) together with the second and 
third conditions of (1.2) that the tangential component of the veloci ty vector  is continuous at the boundary 

[v~] = 0,  (1.3) 

2. In the case of plane waves in a fluid, Eq. (1.1) reduce to the sys tem of a lgebraic  equations 

1 
P k ~- 4--~o H x (kx h) ~ V  --~ Po 

(2.1) 
o~p = poao~k.v, cob = -- k '~(v~H), Pi~ = ~ pSi~ 

where P0 and a 0 are  the density and velocity of sound in the fluid, and p is the hydrodynamic pressure .  We 
neglect the v iscos i ty  of the medium. 
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We a s s u m e  that  the wave v e c t o r  k and the v e c t o r  H l ie  in the xz p lane .  The d i s p e r s i o n  equat ion  for  

waves  p o l a r i z e d  in this  p lane  follows f r o m  {2.1): 

1 0) \8 H~ 
u ~ - - ( i + ' ~ 0 ) u + ~ 0 c o s ~ o : = 0 ,  u = \ - ~ a o ] ,  % - - - - ~ ,  (2.2) 

H e r e  u and r a r e  the s q u a r e s  of the phase  ve loc i ty  and  m a g n e t i c  f ie ld  s t r e n g t h  in d i m e n s i o n l e s s  
fo rm,  ~ is  the angle  be tween  the v e c t o r s k  and H.  The two roots  u~ and  u2 of Eq. (2.2) c o r r e s p o n d  to the 
f a s t a n d  slow m a g n e t o a c o u s t i c  waves .  

The fol lowing r e l a t i o n s  a r e  a l s o  obta ined  f r o m  (2.1): 

V~ = M v , ,  h~ =.Av~, E v = Bvz ,  - -  p = Zvz 

M = ~-i(k~cosa - -  kusincp), g = ku  cos(p ~ k~ cos a 
(9 

A = r~aou V ~ ( H ~ - - M H z ) ,  B = - -  ck--~z A ,  Z =  - - ~ - u - V ~ ( k o : M . % k z )  

(2.3) 

where  r is the angle  of inc l ina t ion  of the magne t i c  f ield to the x ax is .  

3. The p ropaga t ion  of waves  in an unbounded  e l a s t i c  conduc t ing  m e d i u m  was t r e a t e d  in pape r s  [6,7]. 

In an e l a s t i c  m e d i u m  

u ~  = 2 \Ox~ + Ox U 

where  ). and p a r e  the Lam~ coef f ic ien t s .  

R e m e m b e r i n g  that  in the case  of p lane  m o n o c h r o m a t i c  waves  the d i s p l a c e m e n t  v e c t o r  u is r e l a t ed  
to the ve loc i t y  v e c t o r  by the r e l a t i o n  

i 
u = - -  i-~V 

and tak ing  (1.1) into account ,  we have 

r = a~k (kv) - -  b~k x (k x v) ~- <o tt '~ (k x h) �9 

c o h = - - k x ( v x H ) ,  a 2 =  ~ +2------~, b~= ~ �9 
p P 

(3.1) 

Here  a and b a r e  the ve loc i t i e s  of p u r e l y  e l a s t i c  longi tud ina l  and  t r a n s v e r s e  waves ,  and p is the d e n -  
s i ty  of the e l a s t i c  med ium.  

The fo l lowing d i s p e r s i o n  equa t ion  can be ob ta ined  f r o m  (3.1) for  waves  po l a r i z e d  in the xz p lane :  

(3.2) 

The roots u 3 and u 4 of this equation correspond to the fast and slow magnetoacoustic waves. 

In accordance with (3.1) we have the following relations for waves in the elastic medium: 

vx = M v z ,  h~: = A v z ,  E u i= Bye,  Pz~ = Zv~, P~:z --- X v z  

M = ~-i[(i - -  ~)kz cos a - -  k ( u -  ~) sin q~] 

= k ( u  - -  ~ )  c o s  ~ - ( l  - ~ )  k ~ c o s  a 

A = u-l/2(Hx - -  M H z ) ,  B = - -  ~ A 
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~ p a .  ,/=:7. - -  

Z = -- ~U-'1~[k~ ~ (i -- 2~)k~M], X-- ---~-~V~-k~M) (3.3) 

4. Let us assume that the boundaries of the fluid and elastic medium coincide with the xy plane. 

From (1.2) and (1.3), the boundary conditions for waves polarized in the xz plane assume the form 

= 0 .  Z a]=O. I..l=O- (4.1) 

The waves  which a r e  p o l a r i z e d  p e r p e n d i c u l a r  to the xz plane (Alfven waves) ,  p ropaga te  independent ly  
and will not be t r e a t e d  he re .  

Let  a fas t  m a g n e t o a c o u s t i c  wave be incident on the boundary  f r o m  the s ide of the fluid (Fig. 1). The 
incident  wave  exc i t es  a s y s t e m  of four  waves  at the boundary ;  two magne toacous t i c  waves  in the fluid 
and two magne toe l a s t i c  waves  in the e l a s t i c  medium.  Quant i t ies  r e f e r r i n g  to the incident  pe r tu rba t i ons  
will  be denoted by  p r i m e s .  Taking  the ampl i tude  Vlz' to  be uni ty ,we wri te  down the ve loc i ty  f ield in the 
fluid 

2 

v z = -- exp {-- i [cot --(kl ' r)]} -k ~, W~ exp {-- i [o)t - -  (k,r)]} 

and in the e las t i c  m e d i u m  

4 

v~ : -- ~,W~exp{--  i[o)t--  (k~r)]}, 
v ~ 2  

H e r e  Wv a r e  the ampl i tude  c o n v e r s i o n  coef f ic ien t s .  

We can obtain a s y s t e m  of equat ions  fo r  d e t e r m i n i n g  these  coef f ic ien ts  f r o m  condi t ions  (4.1) taking 
(2.3) and (3.3) into account .  

~ W ~ = I ,  ~ Z ~ - - ~ - A ~  W~=ZI'---5-KA1 

4 4 

Hz A ', 
v=Z : v = l  " 

(4.2) 

The solut ion of s y s t e m  (4.2) has the f o r m  

W1 = A -1 {~ [(M2 --  MI') N + mQl'] + ~P sin s (p (Pl' -~ mR1")} 
Ws -~ h -1 {~ [(Mx' --  M~) N + mQs'] + * sin s (p (Ps' + mrs')} 

W2 ----- (M4 - -  Ms) -1 [M4 - -  M I '  - -  (M4  - -  M z )  Wx  - -  (M4  - -  M s )  W21 

W4 : (M3 - -  )1//,4) - I  [ M 2  - -  M I '  - -  ( M s  - -  3//1) W1 - -  ( M s  - - M s )  W2l �9 

(4.3) 

H e r e  

A ---- ~ [ (Ms  - -  M1)  N +, mQ] + • s i n  s (p ( P  --}- mR) 

N---~ (i - -  M4 ctg 04) [(t - -  2~) M s - -  ctg 0a] 
- -  (t Ms ctg 03) [(1--2~) M4'--  ctg 04] 

Q = [M4 -- M3 + MsM4 (ctg 0a - -  ctg 0a)] (Ms - -  3/1 -{- c t g 0 2 ,  ctg01) 
+ (M4 ctg 04 - -  Ma ctg0a) (Ms ctg 01 - -  M 1 ctg 02) 

_R = (Ms -[- ctg 02) Y1 - -  (3/1 -{- ctg 01)  '~S, P = F3 '~4  - -  F 4 • 3  

7,--~ (Ma - -  Ms) (ctg (p - -  M,) ctg 0, -b (M~'a - -  M~) (ctg (p - -  Ma).ctg {~a 
-t- (M, - - M 2 )  (ctg (p --~Ma) ctg 04 (v -~- t,2) 
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7 ,  = (M~ - -  M1) !ctg q~ - -  M,)  ctg O, + (M~ - -  M~) (ctg (p - -  M1) ctg O~ 

+ ( i ,  - -  M1) (ctg q~ - -  Ms) ctg Os ( % =  3,4) 

F ~ = ~ ( l - - M ~ c t g O , )  c t g c p +  ( t - - 2 ~ ) M ~ - - c t g O , ,  m = p o a o ~ / p a  2.  

The quantities Pv, Qv', Rv' are obtained from P, Q, and R, respectively if M v is changed to M~ in 

the latter and ctg 0 v replaced by ctg 01'. 

For a weak magnetic field (~0 << i, ~b << i) we have, with an accuracy to the dominant terms, 

01' = 01, s in  01 := sin O~ as 'ao l fG(  - -  a s in  03 = -~- s in  Oa 

u, = i + r  s i i ~ l ,  ~ = *e r ae = * o  sin2 ~ (t  + 2V'G1cos  ~ s in  01)1 

u a = l  q - # s i n  ~c%,~ u 4 = ~ + * c o s % % ,  M 1- - - tgO z 

Me = - -  ctg O~ - -  ctg q0/sin 2 01, M s ----- -- tgOa, M~ = ctgOi, 

(4.4) 

T h e  c o n v e r s i o n  c o e f f i c i e n t s  a s s u m e  t h e  f o r m  

W 1 = W 1  ~ - -  

W~ V ~ o Y s i n , 0 1 ,  W a =  2 ( t  - Wl~ sin~ 0a 

~2sinrp i Z ~ tg01  + Zlosin(2Oa--Os)] 
Y =  Zn + Zd cosO~ ' 

F = t,2 sill q~ [Zi ~ tg  03 " ~ o sin (20a - -  0~)] 
z .  § z~ - - - - - ~  ~ ~ t'~-os~ '~' 

r  

~ G ~  c o s 0 .  W8 = ( t  - -  Wd)  cos 204 + VCrFfP~ sin r 2 sin ~p \"p) cos Oa 

V'~Yr IPo\'l' tr) sinO, 2 sin r 

p0a0 
ZI~ = "cos el 

o p a  
Z3 = cos O-'-'; 

2 sin T pb 
z~ + Z. ~ (ZI~ + Za~ cos 20a + Za ~ s in  204 tg 01), Z4* = 

WlO _ z~ - -  Z~ ~ Z~ + Z s  Z~ = Z3 ~ cos 2 204 + Za ~ s in  ~ 20, . 

(4.5) 

T h e  q u a n t i t i e s  W1 ~ a n d  Z n a r e  t h e  r e f l e c t i o n  c o e f f i c i e n t  a n d  t h e  t o t a l  a c o u s t i c  i m p e d a n c e  of  t h e  

b o u n d a r y  in  t h e  a b s e n c e  of a m a g n e t i c  f i e i d  r e s p e c t i v e l y  [8 ] .  

E x p r e s s i o n s  f o r  t h e  c o e f f i c i e n t s  W v w e r e  o b t a i n e d  in p a p e r  [2] f o r  m e d i a  w i t h  a f i n i t e  c o n d u c t i v i t y  

in  t h e  p r e s e n c e  of a w e a k  m a g n e t i c  f i e l d .  If  w e  a l l o w  t h e  c o n d u c t i v i t y  t o  b e c o m e  i n f i n i t e  in t h e s e  e x p r e s -  

s i o n s  w e  o b t a i n  E q s .  (4.5).  

In  t h e  o p p o s i t e  l i m i t i n g  c a s e  of  a s t r o n g  m a g n e t i c  f i e l d  (r >> 1, r >> 1) 

~.po ~'/~ ]/~o - -  c tg  q~ 0x' = 01, s in  03 = I-~-)- s in  01, c tg  %2 = sin 01 sin r 

~l, (1 - -  ~) ctg (p (4.6)  
ctg 0a = sin Oa sin q) 

% ~--- ~Po + s ine a l ,  u2 = coseae _ 1/~ %-1  s in  2 2a  e 

u~ ~ +  s i n 2 ~ a s +  ~cos  e a  3, M I ' = M  I = M ~ = -  tgcp 

ua - -  coseaa + ~ sineaa - -  1/a*-1 (i  - -  ~)e s in  2 2a4, M2 = M4 = ctg rp, 

. z I 

Fig. 1 

h i  t h i s  c a s e  E q s .  (4.3) 

of 1/r  : 

k 

g i v e  t h e  f o l l o w i n g  e x p r e s s i o n s ,  a c c u r a t e  t o  t e r m s  

W1 --  n8 - -  nl W3 2nl 
n~ + n l '  n~ + nl 

W2 = 2nlpa [(t - -  ~ - -  m) cos (03 --  q~) sin q~ - -  ~ sin 08] 
V-~ (n3 + nl) (pa }zi + ~ ctg ~ q~ + p0ao) cos r 

W 4 = - -  We, n l ~ - - p 0  '/2 cos 01, ns_~pl /~  cos 0 3.  

(4.7) 

57 



I Bt n 

H''r H'''H'5~](3eHH/'HHHr 
k; ," I u. \ k~ 

l 

F i g .  2 

If we s e t  } equal  to  z e r o  h e r e ,  we obta in  e x p r e s s i o n s  fo r  the  r e f l e c t i o n  
c o e f f i c i e n t s  a t  the  b o u n d a r y  of two f lu id  m e d i a ,  which  co inc ide  with  the  c o r r e -  
spond ing  e q u a t i o n s  of p a p e r  [3]. 

F o r  the  c a s e  in which  the s low m a g n e t o a c o u s t i c  wave  is inc iden t  on the  
b o u n d a r y ,  the  c o e f f i c i e n t s  W v a r e  found f r o m  e x p r e s s i o n s  (4.3) by  r e v e r s i n g  
the i nd i ces  1 and 2. 

5. Le t  the  f a s t  m a g n e t o e l a s t i c  wave  be  inc iden t  on the  b o u n d a r y  of the  f lu id  f r o m  the e l a s t i c  m e d i u m  
(Fig.  2). 

P r o c e e d i n g  a s  b e f o r e  we f ind the fo l lowing  e x p r e s s i o n s  f o r  the  a m p l i t u d e  c o e f f i c i e n t s  f r o m  the 
b o u n d a r y  cond i t ions  : 

Wz = (Me - -  M 0 - '  [Me - - M s '  - -  (M2 - -  Ms) Ws - -  (M2 - -  M4) W,] 

We = (M1 - -  M2) -x [11//1 - -  Ms'  - -  (M1 - -  Me) Ws - -  (Mx - -  Ma) Wa] 

W 8 = A -~ {~ [(M~ - -  M~) N3' -t- mQ3'l + ~ sin e ~ (P3" q- mR#)} 

W 4  = A -x {~ [(Me - -  M1)N4" + mQ4"] -F ~ sin ~ tp (/?{ -F mR{)},  

(5.1) 

H e r e  Nv ' ,  P v ' ,  Qv ' ,  R v '  r e s u l t  f r o m  N, P ,  Q, R,  r e s p e c t i v e l y  when  M v i s  r e p l a c e d  by  M 3' and e t g  0~ by  e tg  03'- 

F o r  a w e a k  m a g n e t i c  f i e l d  we have f r o m  (5.1) 

Y'~o F Y 
W1 = ( i  - -  WS~ see 204 -q- 2 s-~'~-~ cos 01, W~ = Y'~oF sin 01 

W3 W ~ r  ( ~ ) ' "  = 8 - -  ~ c o s  03  

o 1 o Wa = ~ (Zz - -  ZS ~ egs~ 204 ~ Z40 sin ~ 20a) 

(5.2) 

w h e r e  W ~ is  the  r e f l e c t i o n  c o e f f i c i e n t  f o r  a p u r e l y  e l a s t i c  l ong i tud ina l  wave  [8]. 

F o r  a s t r o n g  m a g n e t i c  f i e ld  Eqs.  (5.1) g ive  

2ns n ]  - -  ns 
W l  = n-'aT"T-n~' W3 = n-V'~--~ ' W~ = - -  W4 

2nspa ~ [ t  - -  ~ "  m)  cos (Oz -}- ~) sin r - -  ~ sin Oz] 
Wa = ao V~o (n~ + n3) (pa VI -t- ~ etg~ r + poao) cos r 

(5.2) 

If a s low m a g n e t o a c o u s t i c  wave  is  inc iden t  on the b o u n d a r y ,  e x p r e s s i o n s  fo r  the  c o e f f i c i e n t s  W v can 
be  ob t a ined  f r o m  (5.1) b y  r e v e r s i n g  the  i n d i c e s  3 and 4. 
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